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Abstract 

We investigate the backreaction of cosmological long wavelength perturbations on the evolution 
of the Universe. By applying the renormalization group method to a Friedmann-Robertson-Walker 
universe with long wavelength fluctuations, we demonstrate that the renormalized solution with 
the backreaction effect is equivalent to that of the separate universe. Then, using the effective 
Friedmann equation, we show that only non-adiabatic mode of long wavelength fluctuations affects 
the expansion law of the spatially averaged universe. 

PACS numbers: 04.25.Nx, 98.80.Hw 

Keywords: cosmological perturbation; back reaction; separate universe 


*Electronic address: nambu@gravity.phys.nagoya-u.ac.jp 


Typeset by REVT^X 


1 




I. INTRODUCTION 


The analysis of large scale cosmological perturbation is an important issue for obtain¬ 
ing information on the initial density fluctuation that was generated during the era of the 
inflationary expansion of the Universe. However, because of the non-linear nature of the 
Einstein equation, linear analysis is not sufficient to investigate the evolution of the early 
universe. If we consider the the expansion law of the early universe, the backreaction effect 
owing to the long wavelength fluctuations is expected to be important. 

Let us consider the Universe with large scale fluctuations of which wavelength is larger 
than the Hubble horizon. Each spatial regions with the Hubble horizon scale in the Universe 
are causally disconnected and evolves independently in time. Hence the Universe with large 
scale inhomogeneities can be treated as the collection of quasi-homogeneous and quasi¬ 
isotropic Friedmann-Robertson-Walker (FRW) universes. The realization of this idea is the 
separate universe approach 1!] that is equivalent to the lowest order of the gradient expansion 
of the Einstein equation. This approach is suitable to treat a universe with large scale non¬ 
linear inhomogeneities. 


An application of this method is the stochastic approach to inflation . During the in¬ 
flationary expansion of the Universe, long wavelength stochastic fluctuations are generated 
and the coarse-grained scalar field in each horizon scale regions behaves as Brownian par¬ 
ticles. The random driving force for the coarse-grained scalar field appears as the result of 
the backreaction of long wavelength quantum fluctuation on the homogeneous background. 
Another example of the large scale inhomogeneity that is tractable by using the separate 
universe is the preheating stage after inflation. Long wavelength fluctuations are amplified 
by the parametric resonance associated with the oscillation of the background inflaton field 


A 


and the super-horizon scale structure of the Universe evolves to be highly inhomogeneous 
On the other hand, our present observable universe is considered to be homogeneous 
and isotropic, and the evolution of the Universe is determined by the Friedmann equation. 
Thus, to incorporate the backreaction effect into the Friedmann equation, we have to take 
the spatial average of an inhomogeneous universe jj, j^j, jbj, 7, 0, Q, [ltl [dJ juj [lJ. The 
obtained effective Friedmann equation predicts how the expansion law of the averaged FRW 
universe is modified by the backreaction effect. The solution for the cosmological constant 
problem and the dark energy problem are investigated in this directionp, 6, |12j. 
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In this paper, we analyze the backreaction effect by long wave fluctuations using the 



renormalization group (RG) approach[3, 8 , |9, 14]. First, we consider a homogeneous FRW 


universe with long wavelength linear fluctuations. We apply the RG method to this system to 
understand how the long wavelength fluctuations modify the background FRW universe. We 
found that the effect of the backreaction by long wavelength fluctuations results in spatially 
dependent constants of integration of a FRW universe and the renormalized variables become 
solutions of the separate universe approach. Then, by taking the spatial average of the 
solution of the separate universe, we derive the effective Friedmann equation that involves 
the backreaction of long wave modes. The obtained equation shows that the backreaction 
effect on the averaged FRW universe appears only for the non-adiabatic type of fluctuations. 

The plan of the paper is as follows. In Sec. II, we review the solution of a FRW universe 
and long wavelength perturbations about it. Then, the RG method is applied to this system. 
In Sec. Ill, we derive the effective Friedmann equation by taking the spatial averaging of the 
separate universe. Sec. IV is devoted to summary and conclusion. We use units in which 
c = h = 87 tG = 1 throughout the paper. 

II. RENORMALIZATION OF LONG WAVELENGTH MODE AND THE SEPA¬ 
RATE UNIVERSE 

In this section, we apply the renormalization group method to a FRW universe with long 
wavelength perturbations and investigate how the long wave modes modifies the background 
FRW universe. 

A. The solution of long wavelength fluctuations in a FRW universe 

We consider two scalar fields as the matter fields. The metric and the scalar fields in a 
flat slice is written as 



( 1 ) 


( 1 , 2 ) 


Xo’ 2 \a) + 5x {1 ’ 2) (a, x ), 


where Hq and X < o’ 2 ' > are the background quantities, 5H and denote the linear pertur¬ 

bation about a homogeneous FRW universe. In this slice, the logarithm of the scale factor a 
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serves as a time parameter. The background Einstein equation and the scalar held equation 
are 


3ff o + ^E( n »' 4) ) 2+1/ (^' 4) ) = 0 ' 


(Ah 


A= 1 


- 2 H 0 H 0 , a - 3 Hi - - ^(n^) 2 + V( X (A] ) = 0, 

A= 1 

tfdC + 3//„n' 4) + = 0. n< A) = h oX ( „% a = 1,2. 


(2) 


dXo A) 


where we have introduced the momentum variable and >Q = d/da. By using the 
Hamilton-Jacobi formalism [l^ , these equations are combined to the following equations for 
the Hubble function Hq(xo^) and the scalar fields Xo^'- 
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3H? = 2^ 


dHn 


(A) 


=1 \ d x 

rr (A) = 2 dH 0 
^0X0,a 2 ^ y 

dxo 


+ V(x {A) ), 


( 3 ) 

( 4 ) 


The solution of Eq. © is written as 


H 0 = H 0 (x£ ) ,X?\d 1 ,d 2 ) 


where d\,d 2 are integration constants. By differentiating Eq. © with respect to dip and 
integrating the resulting equation with respect to the time parameter a, we obtain the 
remaining two constants of integration Cq and / 0 : 

3a ^0 _ — 3c 0 3a dH 0 _ -3 c 0 r 

dd 1 ~ ’ dd 2 ~ /0 ‘ 

These four constants of integration completely specifies the background FRW universe. Thus 
the background solution of the FRW universe can be written as 

Xo’ 2) = X ( o 1,2) (« + c 0 ; fo, d 1 , d 2 ), H 0 = H 0 (xo\xo\ d u <k) (5) 
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Equations for long wavelength linear perturbations SH and S \^ are 


- 6 h„ sh + J2 ni / ' ) <n <A) + J2 fjA>6x (A) = o, 


A=1 

2 




A=1 


2 WH) a - 6 H„SH-= 0, 


A=1 


A =1 °\o 


( 6 ) 

(7) 

( 8 ) 


d 2 V 


Ho ((ffl (A) ), a + + 5H{ n$ + 3nJ A) ) + £ (A) {B) Sx (B) = o, (9) 

b =i T'Xo T'Xo 

( 10 ) 


ffl 1 - 4 ’ = + ^ofe 04 ’), 

hfo 


Eq. © is the Hamiltonian constraint and Eq. © is the momentum constraint. The growing 
mode solution of the long wavelength perturbation is obtained by taking derivative of the 
background quantities with respect to the background constants of integration 


^ 

A= 1 A= 1 

= (H„6x ( a> ),„ 


( 11 ) 

( 12 ) 

(13) 


where C(x) and F(x) are arbitrary functions of spatial coordinates. The gauge invariant 
variable that corresponds to the spatial curvature perturbation in a comoving slice is 


(A) ( A ) 

n = —C(x) - LiX °’^ 0,/ ° F(x). 


(14) 


Za(x ( oS) 2 

The function C(x) corresponds to the adiabatic mode of perturbations and the curvature 
perturbation owing to this mode is constant in time. The function F(x) corresponds to the 
non-adiabatic mode of perturbation and this mode results in development of the curvature 
perturbation. 


B. Renormalization of long wavelength fluctuations 

We apply the RG method to obtain the backreaction of long wavelength fluctuations on a 
background FRW universe. Up to the first order of perturbations, the solution of the scalar 
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fields is expressed as 


X (A \a, x) = Xo AJ (« + c o; fo) + [C{x) - C(x 0 )] 


XA) 


dXi 


dc, 


(A)\ (A)' 

° » + [F(x) - F{x o)] I , (15) 


dfo 


where we have chosen the functions C and F so that the perturbation vanishes at a spatial 
point x = Xq. We regard the perturbations as the secular terms in the spatial direction 
and absorb them into the background constants Co and fo. For this purpose, we prepare a 
renormalization point x^ = x 0 + /i (x — x 0 ) and re-dehne the integration constants as follows 


c 0 = c(/i) +<5c(/x;0), f 0 = f{/jt) + 5/(/i;0). (16) 

The counter terms Sc and Sf are chosen to cancel the Xq dependence of the perturbation 
solution: 

ScF[C\x^)-C\x o)] = 0, 6f+ [F(x tt ) - F(x 0 )]= 0. (17) 

This defines the renormalization transformation: the value of the original constants at the 
spatial point Xo are mapped to the constants at x^. Then the solution of the scalar fields 
up to the first order becomes 

X (A) = Xo A \ a + c(h); /(h)) + \C{x) - Cix^x^a + i F ( x ) - F ( x n)]Xoj 0 • (18) 

By assuming that the renormalization transformation defined by Eq. m forms the Lie 
group, we can obtain the RG equation by differentiating Eq. El with respect to /i: 


dc 

d/i 


= (x- x 0 ) • VC, 


df_ 

d/i 


= [x — aj 0 ) • VF 


and the solution of the RG equation is 


c(aO = C[x 0 + n(x - ® 0 )], /(h) = ^[*0 + h(* - *o)]- 

The renormalized solution is obtained by setting /1 = 1: 

Xren = = Xo^V + C{x)\F(x)). 

At the same time, other variables receive the following renormalization 

H 0 + SH^ H ren = H 0 (x {A ^), 

( A\ _ / A dll... 


(19) 


( 20 ) 


( 21 ) 


( 22 ) 





and the renormalized metric becomes 


ds 2 = — 775 —f e 2a dx 2 . (24) 

•^ren 

By introducing a new time parameter t — f da/(NH ien ) using an arbitrary lapse function 
N(a,x), the metric becomes 

ds 2 = -N 2 (t, x)dt 2 + e 2a ^ x) dx 2 , (25) 


and the renormalized variables satisfy the following set of equations: 


3 H 2 = 


£ 

A=1 


^) 2 +ryy, ± = h, 


Z A= 1 

N 2 2-, y N ) ’ 

1 ( iW \ I -Ff ( ilA} \ dV 
N \ N ) \ N ) d X w 


0 . 


(26) 

(27) 

(28) 
(29) 


These are the basic equations of the separate universe approach (the lowest order of the 
gradient expansion). 

In the RG approach to the backreaction problem, the effect of the backreaction by long 
wavelength fluctuations modifies the background constants of integration and the constants 
acquire spatial dependence associated with long wavelength fluctuations. The renormalized 
solution with the backreaction effect is equivalent to the solution of the separate universe. 
Therefore, we can use the separate universe as a starting point to derive the spatially aver¬ 
aged Friedmann equation for an inhomogeneous universe with long wavelength fluctuations. 


III. EFFECTIVE FRIEDMANN EQUATION 

In this section, we take spatial average of the solution of separate universe and derive 
the effective Friedmann equation. The purpose is to observe how the expansion law of the 
spatially averaged FRW universe is modified by the backreaction effect of long wavelength 
fluctuations. 
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(30) 

(31) 


In a flat slice, the metric and the Hubble function of the separate universe are 

ds 2 = + e 2a dx 2 , 

H = + c{x), f{x))), 

where c(x ) and f(x) are arbitrary functions of the spatial coordinates. To proceed the 
averaging procedure analytically, we adopt perturbative approach. We expand the solution 
of the separate universe about a homogeneous FRW background up to the second order of 
perturbation. By replacing c(x ) —> c + 5c(x ), f(x) —> f + 5f(x) and expanding the solution 
with respect to <5c and <5/, the Hubble function up to the second order of perturbation 
becomes 


H = H 0 + H 1 + H 2 , 
H 0 [a] = H(x (A) (a + c,f)), 


(32) 


H^a] =H 0 , c 5c + H 0J 5f, 

H 2 [ct] = ~Ho,cc{dc) 2 + H 0c fScSf + 


The metric up to the second order becomes 

2 f 2H! 2 H 2 

dS = ~ f 1 _ ~Ho Ho 

where a time variable t was introduced by 

t= I 


+ 3 j ( ^ 2 + e 2a ^dx 2 , 


da 


H 0 (a) 


(33) 


(34) 


We can obtain the local scale factor by transforming the metric © to a synchronous frame. 
We define a new time variable r by the following coordinate transformation: 


t = T + p 1 {T,x)+p 2 {'r,x), (35) 

d/3 1 _ ffi[a(r)] dfo = d_ (HA 
dr H 0 [a(r)Y dr 1 dr \H 0 J H 0 

Then we have 


ds 2 = -dr 2 + e 2a[t ^ x)] dx 2 , 



(A) 2 - 


a[t(r , a;)] = a[r + + f3 2 \ = «o + «i + « 2 , 

a 0 = a(r), a x = H 0 (3 1 , a 2 = H 0 f3 2 + ^ 


dr 


( 36 ) 








The metric © has the same form as that of a flat FRW universe except its spatial depen¬ 
dence of the scale factor. By assuming that the spatial averaging of the first order variables 
vanishes (Sc) = (Sf) = 0, the spatially averaged Hubble parameter is 

H = (j^a[t(T, x)]^ = H 0 [a(r )] + ) , (37) 

and the Friedmann equation for the spatially averaged scale factor 

e & = e {a) = e a ° (1 + (a 2 )) (38) 


is 


f da\ 2 9 

3 ( ) = 377d + Pbr, Pbr = 6H 0 


da.2 

dr 


(39) 


The term Pbr represents the modification of the Friedmann equation due to the long wave¬ 
length backreaction effect. Explicit form of pbr is given by 


Pbr — 3H 0 — 
dr 


Ho I Jf o (H„. cc B 2 + 2 H el B + H 0JI ) 




(40) 




dr 


//, 


o,/ 


H n 


We notice that the expression (ED does not contain Sc that is the source of the adiabatic 
mode of perturbations. Therefore, for pure adiabatic type of fluctuation Sc 7 ^ 0 ,Sf = 0, 
we have pbr = 0. Hence the effective Friedmann equation does not contain the backre¬ 
action terms and long wavelength fluctuations owing to the adiabatic mode does not alter 
the expansion of the FRW universe. This result is consistent with the previous analysis of 
the backreaction problem [ 3 . S, 0 ]; the backreaction effect appears from 0(k 2 ) in the long 
wavelength expansion and there is no backreaction in the long wavelength limit. For the 
non-adiabatic type of fluctuation Sf 7 ^ 0, we have non-zero value of pbr and the backreaction 
of long wavelength fluctuations modifies the expansion law of the FRW universe. Although 
these results were previously obtained for the Universe with inflationary expansion ldi. Ill|. 
our analysis shows that we need generally non-adiabatic type of fluctuation to obtain long 
wavelength backreaction effect on the spatially averaged FRW universe. This result is inde¬ 
pendent of the expansion law of the background FRW universe. 


IV. CONCLUSION 

In this paper, we discussed the backreaction effect owing to long wavelength fluctuations 
from two different perspective: One is renormalization of constants by long wavelength 
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fluctuations. The backreaction of long wavelength modes leads to the renormalization of 
constants contained in the solution of the background FRW universe. The other is the av¬ 
eraging of the inhomogeneous universe. From the first perspective, long wavelength mode 
generates spatial dependence of constants of a FRW universe and a homogeneous universe 
becomes inhomogeneous one owing to the backreaction effect of long wavelength modes. 
From the second perspective, the effective Friedmann equation gets the additional contribu¬ 
tion of the energy density from long wavelength fluctuations and the expansion law of the 
averaged universe becomes different from that of the original background FRW universe. 

In this paper, we derived a general formula for pbr but have not examined what type 
of the expansion law can be obtained by the backreaction of long wavelength modes. This 
subject will be reported in a separate publication. 
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